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AN EASY PROOF OF THE GENERAL
NERON DESINGULARIZATION IN DIMENSION ≤ 1
ASMA KHALID AND ZUNAIRA KOSAR
Abstract. In this paper we give an easy proof of the General Neron Desingu-
larization in the frame of regular morphisms between Artinian local rings and
Noetherian local rings of dimension one.
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Introduction
A ring morphism u : A→ A′ has geometrically regular fibers if for all prime ideals
P ∈ Spec A and all finite field extensions K of the fraction field of A/P the ring
K⊗A/P A
′/PA′ is regular. A flat morphism u is regular if its fibers are geometrically
regular. A regular morphism of finite type is smooth and a localization of a smooth
algebra is essentially smooth.
Let (A,m) be a Noetherian local ring of dimension ≤ 1, A′ a Noetherian local
ring of dimension one and u : A → A′ a regular morphism. Let B = A[Y ]/I,
Y = (Y1, . . . , Yn). Then any morphism v : B → A
′ factors through a smooth A-
algebra C, that is v is a composite A-morphism B → C → A′. This is a particular
case of the General Neron Desingularization given in [4], [8], [5], with a very difficult
proof. An algorithmic proof is given in [3] for the case when A,A′ are domains, and
it is extended in [7] for arbitrary Noetherian local rings of dimension one.
Let (A,m) be a local Artinian ring, (A′,m′) a Noetherian complete local ring of
dimension one such that k = A/m ∼= A′/m′, and u : A→ A′ be a regular morphism.
Suppose that k ⊂ A. Then A¯′ = A′/mA′ is a discrete valuation ring (shortly a
DVR). Choose x ∈ A′ such that its class modulo mA′ is a local parameter of A¯′,
that is, it generates m′A¯′. Let B = A[Y ]/I, Y = (Y1, . . . , Yn).
The purpose of this paper is to give an easy proof to the following theorem.
Theorem 1. Then any morphism v : B → A′ factors through a smooth A-algebra
C, that is, v is a composite A-morphism B → C → A′.
The proof is illustrated in Example 7.
1. Preliminaries
A ring morphism h : A→ B is called quasi-smooth [8] if for any A-algebra D and
an ideal I ⊂ D with I2 = 0, any A-morphism B → D/I lifts to an A-morphism
We gratefully acknowledge the support from the ASSMS GC. University Lahore, for arranging
our visit to Bucharest, Romania and we are also greatful to the Simion Stoilow Institute of the
Mathematics of the Romanian Academy for inviting us.
1
B → D. A finitely presented quasi-smooth morphism is smooth. Let u : A→ B be
a quasi smooth morphism and C an A-algebra. Then C ⊗ u is also quasi smooth
which is known as the Base change property.
Let A be a DVR, x a local parameter of A, A′ = Aˆ its completion and B = A[Y ]/I,
Y = (Y1, . . . , Yn) a finite type A-algebra. If f = (f1, . . . , fr), r ≤ n is a system of
polynomials from I then we consider an r × r-minor M of the Jacobian matrix
(∂fi/∂Yj). Let c ∈ N . Suppose that there exist an A- morphism v : B → A
′/(x2c+1)
and N ∈ ((f) : I) such that v(NM) /∈ (x)c/(x2c+1), where for simplicity we write
v(NM) instead v(NM + I).
Theorem 2. [6] There exists a B-algebra C which is smooth over A such that every
A-morphism v′ : B → A′ with v′ ≡ v modulo x2c+1 (that is v′(Y ) ≡ v(Y )modulo x2c+1)
factors through C.
Corollary 3. Any A-morphism v : B → A′ factors through a smooth A-algebra C.
This corollary follows also from the classical Ne´ron desingularization [2].
Theorem 4. [7] Let u : A→ A′ be a regular morphism of one dimensional Noether-
ian local rings and B a finite type A-algebra. Suppose that A contains its residue
field. Then any A-morphism v : B → A′ factors through a smooth A-algebra C, that
is v is a composite A-morphism B → C → A′.
2. Proof of Theorem 1 when A = k
Then A′ is a complete DVR and has the form A′ = k[[x]]. Let A1 = k[x](x) and
u1 the inclusion A1 ⊂ A
′. Then u1 is flat because A1 is principal and A
′ has no
A-torsion. The fraction field extension induced by u1 is separable and A
′ is the
completion of A1. It follows that u1 is regular because A1 is excellent (see e.g. [1]).
Let be as above, B a k-algebra of finite type, and v : B → A′ an A-morphism. Let
B1 = A1 ⊗A B and v1 : B1 → A
′ be the composite map a1 ⊗ b 7→ u1(a1) · v(b).
Lemma 5. Suppose that v1 factors through a smooth A1-algebra C˜ then v factors
through a smooth A-algebra C.
Proof. Since B1 = A1 ⊗k B = A1[Y ]/IA1[Y ] where Y = (Y1, . . . , Yn) and v1 can
be factored through a smooth A1-algebra C˜, we get the following the commutative
diagram:
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// A1
δ

u1 // A′
B1
β //
v1
??⑦⑦⑦⑦⑦⑦⑦⑦
C˜
w
OO
B
γ
OO
where δ : A1 → B1 is given by a1 7→ a1 ⊗ 1, a1 ∈ A1, γ : B → B1 is given by
b 7→ 1 ⊗ b, b ∈ B and v1 is the composite map B1
β
−→ C˜
w
−→ A′. Then C˜ has
the form (A1[Z]/(f1, . . . , fr))Mh˜, Z = (Z1, . . . , Zs) for some r × r-minor M of the
2
Jacobian matrix ∂f/∂Z and some h˜ ∈ A1[Z] such that w(h˜) is invertible in A
′.
Clearly C˜ is essentially smooth over k but unfortunately not smooth because it is
not a k-algebra of finite type. Now choose h ∈ k[x] \ (x) such that f1, . . . , fr have
coefficients in k[x, Z]h. Set E = (k[x, Z]h/(f1, . . . , fr))M,h˜, then C˜ is a localization
of E with respect to all g ∈ k[x] \ (x). Thus C˜ is the filtered inductive limit of Eg,
g ∈ k[x] \ (x). Let ϕg : Eg → C˜ be the limit maps.
We claim that α = βγ factors through a certain Eg. Indeed, let α(Yˆi) = qi/gi for
some qi ∈ E and gi ∈ k[x] \ (x). Then α factors through Eg for g =
∏n
i=1 gi. Clearly
v is the composite map B → C = Eg
ϕg
−→ C˜
w
−→ A′, that is, v factors through the
smooth k-algebra C. 
The following proposition is closed to [6, Corollary 16].
Proposition 6. Suppose that A = k, then v factors through a smooth k-algebra C.
Proof. By Corollary 3, v1 factors through a smooth A1 = k[x](x)-algebra C˜. Let’s
say v1 is the composite map B1 → C˜
w
−→ A′. Then by Lemma 5, v factors through
a smooth k-algebra C. 
3. The Proof of Theorem 1
Since A is an Artinian local ring there exists a certain s such that ms = 0. A has
the form A = k[T ]/a, T = (T1, . . . , Tm), and the maximal ideal of A is generated by
T . Then for all i ∈ [m] = {1, . . . , m}, Ti
s ∈ a and A′ = k[[x]][T ]/(a) ∼= A⊗k k[[x]].
Suppose that B = A[Y ]/I where Y = (Y1, . . . , Yn), v : B → A
′ and v(Yˆi) = yˆi =∑
α∈Nm,|α|<s yiα · T
α, T α = T1
α1 · · ·Tm
αm , |α| = α1 + · · ·+ αm < s and yiα ∈ k[[x]].
We have the following commutative diagram.
k

// B¯ // B¯1
v¯1 // k[[x]]
A // A⊗k B¯ // A⊗k B¯1 // A⊗k k[[x]] = A
′
OO
where B¯ = B/mB. Set B1 = k[(yiα)α] ⊂ k[[x]] and let v1 be this inclusion. Then v
factors through B1 = A⊗k B¯1 ⊂ A
′, that is v is the composite map B
q
−→ B1
A⊗kv¯1−−−−→
A′, where q is defined by Yi →
∑
α T
α⊗yiα. Applying the Proposition 6, we see that
v¯1 factors through a smooth k-algebra C¯. Then A⊗k v¯1 factors through C = A⊗k C¯
and so v factors through C.
Example 7. Let A = Q[t]/(t2), A′ = Q[[x]][t]/(t2), A1 = Q[x](x)[t]/(t
2), B =
A[Y1, Y2]/(Y
3
1 − Y
2
2 ) and u1, v1 two formal power series from Q[[x]] which are alge-
braically independent over Q(x) and u1(0) = v1(0) = 1. By the Implicit Function
Theorem there exists u2 ∈ k[[x]] such that u
2
2 = u
3
1. Set v2 = (3/2)xu
2
1v1u
−1
2 , yˆ1 =
x2u1+tv1, yˆ2 = x
3u2+txv2. We have f(yˆ1, yˆ2) = x
6(u31−u
2
2)+tx
4(3u21v1−2u2v2) = 0
and we may define v : B → A′ by Y → (yˆ1, yˆ2). Take B1 = Q[x, x
2u1, x
3u2, v1, xv2].
Then v¯ = Q⊗Av : B/tB → Q[[x]] factors throughB1. Let ϕ : Q[x, Y10, Y20, Y11, Y21]→
3
B1 be given by Y10 → x
2u1, Y20 → x
3u2, Y11 → v1, Y21 → xv2. Then Kerϕ
contains g1 = Y
3
10 − Y
2
20, g2 = 3Y
2
10Y11 − 2Y20Y21. The Jacobian matrix ∂gk/∂Yij
contains a 2 × 2-minor M = 4Y 220 which is mapped by ϕ in 4x
6u22. Taking c = 7
we see that ϕ(M) 6≡ 0 modulo xc. Note that ϕ induces the isomorphism F =
Q[x, Y10, Y20, Y11, Y21]/(g1, g2) ∼= B1 because Kerϕ = (g1, g2) since dimF = dimB1 =
3, u1, v1 being algebraically independent over Q(x).
Take E = Q[x, u1, u2, v1, v2]. The kernel of the map ψ : Q[x, U1, U2, V1, V2] → E
contains the polynomials h1 = U
3
1−U
2
2 , h2 = 3U1V1−2U2V2 and as above we see that
Q[x, U1, U2, V1, V2]/(h1, h2) ∼= E. Now the Jacobian matrix ∂h/∂(Ui, Vi) contains a
minor M ′ = 4U22 which is mapped by ψ in 4u
2
2 6∈ (x). Then
C¯ = (Q[x, U1, U2, V1, V2]/(h1, h2))V2U2U1
∼= (Q[x, U1, V1, V2]/(U
3
1−(9/4)U
2
1V
2
1 V
−2
2 ))V2U1
∼= (Q[x, U1, V1, V2]/(U1 − (9/4)V
2
1 V
−2
2 ))V2
∼= Q[x, V1, V2]V2
is smooth over Q and the inclusion v¯1 : B1 → Q[[x]] factors through C¯ because v¯1
is the composite map
B1 ∼= Q[x, Y10, Y20, Y11, Y21]/(g1, g2)
ρ
−→ C¯
ψ
−→ E → Q[[x]],
where ρ is given by Y10 → x
2U1,Y20 → x
3U2, Vi → Vi. Then C = A ⊗Q C¯ is
smooth over A and v factors through C because it is the composite map B
ν
−→ B1 =
A ⊗Q B1
A⊗Qv¯1
−−−−→ A ⊗Q Q[[x]] ∼= A
′, where ν is given by Y1 → (1 ⊗ x
2u1 + t ⊗ v1),
Y2 → (1⊗ x
3u2 + t⊗ xv2).
References
[1] H. Matsumura, Commutative Algebra, Benjamin, New-York, 1980.
[2] A. Ne´ron, Modeles minimaux des varietes abeliennes sur les corps locaux et globaux, Publ.
Math. IHES, 21, 1964, 5-128.
[3] A. Popescu, D. Popescu, A method to compute the General Neron Desingularization in the
frame of one dimensional local domains, to appear in ”Singularities and Computer Algebra -
Festschrift for Gert-Martin Greuel, On the Occasion of his 70th Birthday”, Editors Wolfram
Decker, Gerhard Pfister, Mathias Schulze, Springer Monograph., arXiv:AC/1508.05511.
[4] D. Popescu, General Neron Desingularization and approximation, Nagoya Math. J., 104 (1986),
85-115.
[5] D. Popescu, Artin Approximation, in ”Handbook of Algebra”, vol. 2, Ed. M. Hazewinkel,
Elsevier, 2000, 321-355.
[6] D. Popescu, Around General Neron Desingularization, to appear in Journal of Algebra and Its
Applications, 16, No. 2 (2017), arXiv:1504.06938.
[7] G. Pfister, D. Popescu, Constructive General Neron Desingularization for one dimensional local
rings, arXiv:AC/1512.08435v1.
[8] R. Swan, Neron-Popescu desingularization, in ”Algebra and Geometry”, Ed. M. Kang, Inter-
national Press, Cambridge, (1998), 135-192.
Abdus Salam School of Mathematical Sciences,GC University, Lahore, Pakistan.
E-mail address : asmakhalid768@gmail.com
E-mail address : zunairakosar@gmail.com
4
